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1. Introduction

Prior to the publication of the Guide to the Expression of 
Uncertainty in Measurement (GUM) in 1993 [1, 2], there was 
no standard practice for measurement uncertainty analysis. 
Some National Metrology Institutes (NMI), e.g. [3], industry 
groups, e.g. [4], and professional bodies, e.g. [5], had codes 
of practice for ‘error analysis’. The codes were based on 
the simple concept of measurement error but often failed to 
make an unambiguous distinction between random errors and 
systematic errors. Sometimes the distinction was important 
because uncertainties due to random errors were combined 
in quadrature while uncertainties due to systematic errors 
were combined linearly. This situation was confused further 
because some practitioners combined the two uncertainties to 
determine a total uncertainty, while others argued they should 
never be combined [6].

The confusion over different practices, the unclear distinc-
tion between random and systematic errors, the lack of a clear 

distinction between error and uncertainty, and the different 
ways of combining uncertainties, was a worldwide problem 
that increasingly affected manufacture, trade, and regulation. 
With the widespread adoption of accreditation for calibration 
and test laboratories from the 1960s, and the increasing use of 
proficiency tests and measurement comparisons, the lack of 
harmony became an increasingly visible problem.

In 1980, following a BIPM survey on error statements [7], 
the BIPM Working Group on the Statement of Uncertainties 
published a short report [8] outlining a way forward, including 
a formal recommendation, INC1-1980. The recommenda-
tion, subsequently endorsed by the CIPM and published in 
Metrologia [9], became a rudimentary guide for the expres-
sion of uncertainties for the next decade. At the same time, 
a joint ISO technical advisory group (TAG 4), comprising 
experts nominated by the BIPM, IEC, OIML, and ISO, began 
the task of preparing the GUM. Since its publication in 1993, 
the GUM has been adopted by many national and international 
organisations, referenced in the legislation of many countries, 
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and is responsible for a remarkable worldwide harmonisation 
of measurement uncertainty practice.

Although the GUM is based on frequentist statistics, the 
GUM’s Type B assessment method draws on the subjective 
interpretation of probability associated with Bayesian statis-
tics. This mix of two incompatible statistical philosophies 
has naturally attracted criticism, e.g. [10–12]. The guide also 
neglects prediction intervals [13] and lacks direction for users 
with non-linear measurement models, non-normal error distri-
butions, and multivariate quantities. Some of the language and 
notation of the GUM is also confusing [14, 15].

Since the introduction of the GUM, metrologists have been 
largely unaware of the increasing use of Bayesian statistics 
in other sciences, including genetics, communications, arti-
ficial intelligence, and image processing, all largely made  
possible by ready access to computing power. Not surpris-
ingly, a number of statisticians have taken an interest in the 
GUM, noted the philosophical confusion, and suggested it be 
revised according to the Bayesian paradigm, e.g. [11, 12].

The BIPM campaign to revise the GUM began in 1997 with 
the establishment of the BIPM Joint Committee on Guides in 
Metrology (JCGM) [16], with Working Group 1 of the com-
mittee responsible for overseeing the GUM. Since then, GUM 
Supplement 1 (GUM-S1) and GUM Supplement 2 (GUM-
S2) have been published [17, 18], and in recent months, the 
Working Group released the first draft of the proposed GUM 
revision (GUM-rev) accompanied by an example booklet  
[19, 20]. All of these documents have a Bayesian foundation.

Unfortunately, metrologists have been slow to engage in 
the GUM revision, probably because a detailed understanding 
of the proposed changes requires an understanding of both 
the frequentist and Bayesian paradigms beyond that required 
for routine metrology. It is the view of the author that the 
change from a frequentist treatment of measurement error to a 
Bayesian treatment of states of knowledge [21] is misguided. 
The consequences include changes in measurement philos-
ophy, a change in the meaning of probability, and a change 
in the object of uncertainty analysis, all leading to different 
numerical results, increased costs, increased confusion, a loss 
of trust, and, most significantly, a loss of harmony with cur-
rent practice.

The main aim of this paper is to argue for a GUM revi-
sion in harmony with the current GUM on the grounds of  
fitness for purpose. A secondary aim is to provide metrolo-
gists with an overview of the key differences between the fre-
quentist and Bayesian paradigms. Section 2 offers a purely 
frequentist interpretation of the GUM, clarifying aspects of 
the frequentist foundations and highlighting some pragmatic 
decisions made by the 1980 BIPM committee. Section  3 
reviews the meaning of probability, objective Bayesian sta-
tistics, and highlights some of the differences between the 
frequentist and Bayesian approaches. Section 4, which is the 
core of the paper, samples the spectrum of applications of 
measurement uncertainty to identify the requirements that 
must be met by any uncertainty analysis, and therefore also 
by a revised GUM. The final section draws conclusions and 
makes recommendations.

2. Uncertainty according to the GUM

2.1. Simple measurements and random errors

2.1.1. Measurement model. Amongst the few points of agree-
ment between the NMIs in their responses to the 1979 BIPM 
survey [7] were the measurement model and the treatment of 
random errors, and both were carried forward into the GUM.

It is assumed that the measurand (quantity of interest), X, 
has a fixed value. Due to one or more error processes, any 
observation, xi, of the measurand differs from the unknown 
true value by a small unknown amount, Ei, the measurement 
error:

= +x X E ,i i (1)

where uppercase symbols represent unknown quantities, 
and lowercase symbols represent numerical observations.  
It is assumed here, and in the GUM, that the errors are inde-
pendent, identically distributed, and drawn from a normal 
distribution with zero mean and unknown variance, σ2, i.e. 

( )σ∼E N 0, 2 . Each error is single valued and strictly associ-
ated with a single observation.

2.1.2. Measurement summary. Repeated observations (n 
total) provide information on the distribution of the errors, and 
hence enable an estimate of X and quantification of the error 
in its measurement. The observations are summarised in terms 
of the sample mean
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The standard deviation estimates σ, the root-mean-square 
(rms) error in the observations. Having made the sequence of 
observations, the metrologist then makes an estimate, �X , of 
the measurand, usually using the sample mean:

=�X x . (4)

The standard uncertainty (lower case u) in this estimate (con-
ventionally called the standard error of the mean) is

( ) /=�u X s n . (5)

The precise meaning of uncertainty statements, such as (5),  
is subtle. Commonly, ( )�u X  is described carelessly as the uncer-
tainty in X, when we should say ‘ ( )�u X  is the uncertainty in �X  
as an estimate of X’. This clarification is important because X 
is not random: it has a fixed value, although unknown. Also, 
none of the observations, xi, are random or uncertain; they are 
all fixed numbers in the laboratory record. Instead, the uncer-
tainty lies with the random behaviour of the measurement 
process and future measurements. That is, the standard uncer-
tainty is an estimate of the rms error in the repeated applica-
tion of the measurement process to the estimation of X.
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2.1.3. Statistical inference. The standard uncertainty is a 
convenient indicator of measurement uncertainty for most  
scientific applications, but some users of measurements require 
more definite statements. This involves statistical inference, 
where ‘assertions are made with assurance’ [14]. Convention-
ally, a confidence interval for a measurand, based on normally-
distributed observations with unknown mean and variance, is 
calculated from the sample mean and sample standard devia-
tion as

[ / / ]− +x ks n x ks n, , (6)

which may be written by metrologists as an expanded uncer-
tainty (uppercase U )

( ) /=±�U X ks n , (7)

where k is the coverage factor (confidence factor) for the 
required confidence level given by the Student t-distribution 
for ν = −n 1 degrees of freedom.

Although the confidence interval, (6), is one of the sim-
plest results from frequentist statistics [14, 22], its meaning 
is not well understood by most metrologists. If we are care-
less when referring to a reported uncertainty, we might say 
‘there is a 95% probability that the measurand, X, lies within 
the interval’. But, as we noted above, X is not random, and 
neither are the numbers x  and s. When we look back in time 
at a numerical realisation of a confidence interval, the meas-
urand either lies within it or not; there is nothing random. 
Frequentist statisticians say instead, ‘we have 95% confidence 
that the measurand lies within the interval’. However, we can 
say ‘the measurand lies within 95% of the intervals calculated 
from repetitions of the measurement process’, or ‘there is a 
95% probability that the measurand will lie within an interval 
calculated in the future’.

Another useful statistic, not covered by the GUM or GUM-
S1, is the prediction interval [14, 22]. The interval may be 
used to describe the expanded uncertainty in future obser-
vations made using calibrated indicating instruments (see 
section 4.3):

[ ( ) ( ) ]− + + +x k n s x k n s1 1/ , 1 1/ ,1/2 1/2 (8)

where, again, k is the coverage factor given by the Student 
t-distribution for ν = −n 1 degrees of freedom.

2.2. Complex measurements

2.2.1. Measurement model (expanded). The simple mea-
surement of section 2.1 is the archetype for all GUM uncer-
tainty analyses, but measurements are rarely as simple. Most 
measurands, Y, must be determined from other quantities, Xi, 
according to a physical model:

( )=Y f X X X, , , ... .1 2 3 (9)

Usually, the values of the other quantities Xi are not known 
exactly, so Y must be estimated from estimates of the Xi, each 
with their own measurement errors:

( ) ( )= = + + +� � � �Y f X X X f X E X E X E, , , ... , , , ... ,1 2 3 1 1 2 2 3 3 (10)

where the errors are drawn from distributions, D, that may or 
may not be normal and usually have an imprecisely-known 

mean and variance, i.e. µ σ∼E D ,j j j
2( ). Usually, the measure-

ment model is configured to ensure the means are close to zero 
(see example below).

2.2.2. Measurement summary (expanded). By expanding 
(10) as a Taylor series we can relate the error in the estimate 
of the measurand to the errors in the estimates

∑− =
∂
∂

�Y Y
f

X
E .

j
j (11)

This equation  is called the propagation-of-error equation, 
and the partial derivatives are the sensitivity coefficients. The 
Taylor series also enables the calculation of the combined 
variance of the estimate �Y  in terms of the variances and covari-
ances of the errors in the estimates of the other quantities:

( ) ( ) ( )∑∑=
∂
∂
∂
∂

� � �u Y
f

X

f

X
s X s X r ,

i j i j
i j ijc

2
 (12)

where rij, is the correlation coefficient determined from the 
covariance of the errors Ei and Ej.

Equation (12) was a feature of all error analyses prior to the 
GUM, e.g. [23, 24]. It is applicable to all linear measurement 
models and for all error distributions for which the variance 
is well defined (i.e. not just the normal distribution). Such is 
the utility of this equation that the BIPM working group made 
a pragmatic decision that this equation should be the means 
for propagating and combining all uncertainties, i.e. for both 
random and systematic errors.

The BIPM working group also made the pragmatic deci-
sion to define random and systematic errors according to how 
they are manifest in measurements. Under the GUM defini-
tion, random errors are unpredictable or stochastic variations 
and nominally have a zero mean for the duration of the meas-
urement, whereas systematic errors are non-fluctuating for 
the duration of the measurement. This definition overcame 
problems with historical definitions that associated the terms 
random and systematic with the underlying physical cause or 
mechanism. Mechanistic definitions are problematic because 
different people make different judgements about the nature 
of the errors, and because the same effect may cause sto-
chastic variations in one experiment and a persistent stable 
error in another.

Measurement uncertainty due to random errors is assessed 
easily by making repeated measurements (as in section 2.1), 
although this is not the only method. Uncertainty due to sys-
tematic errors may be assessed in subsidiary experiments 
or inferred from knowledge of the processes generating the 
errors, as the following example illustrates.

All measurement errors have their origin in influence 
quantities, which may or may not be controlled during the 
measurement. For systematic errors, the metrologist must 
develop an understanding of the distribution from which they 
are drawn [14, 25–27]. Several processes may contribute to a 
single error, as the following example illustrates.
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The International Temperature Scale of 1990 (ITS-90) defines 
temperature in terms of ‘fixed points’: the melting, freezing, and 
triple points of pure substances. Because the melting and freezing 
points are affected by local air pres sure, the ITS-90 definitions 
apply at the standard atmospheric pres sure of 101.325 kPa [28]. 
In well-resourced laboratories, the pressure is measured and any 
error is corrected. Because air pressure varies slowly and may be 
nearly constant over hours or days, measurements of fixed points 
realised without pres sure control or measurement exhibit system-
atic errors. There are two contributions to variations in air pres-
sure: natural variations of the order of 2 kPa due to the weather, 
and a potentially larger effect, 20 kPa or more, due to altitude.  
A reasonable statistical model of laboratory pressure is 
µ σD , 2( ), where μ is due to altitude, and σ2 characterises the var-

iations due to the weather. Having determined the distribution 
to an appropriate level of detail (mean, variance, perhaps higher 
cumulants), the metrologist applies a correction by expanding 
the measurement model to include altitude as an influence vari-
able. The remaining error due to the weather is taken to be a 
single sample drawn from D(0, σ2) with σ  =  2 kPa, and this is 
included amongst the uncertainty contributions of (12).

Note, the definition of standard uncertainty as ‘the rms 
error in repeated application of the measurement process to 
the estimation of the measurand’ is the same for both random 
and systematic errors. However, for systematic errors, the 
concept of repetitions is expanded to encompass hypothetical 
observations performed under the full range of atmospheric 
conditions. (Additional observations on Type B assessments 
are given in section 3.4.3.)

The GUM recommends that all known systematic errors 
are corrected where practicable; so every measurement should 
include a measurement model and measurement process for 
which repeated estimates of the measurand are distributed 
according to

( ( ))− ∼� �Y Y D u Y0, .c
2 (13)

There may be occasions when the distribution of the errors is 
not normal and must be better known, i.e. by more than the 
variance. This can be accomplished by numerical simulation, 
e.g. [29], or by summing the cumulants of the contributing 
distributions [14, 30].

2.2.3. Statistical inference (expanded). The calculation of 
expanded uncertainties (confidence intervals) from a com-
bined standard uncertainty is complicated because there is 
no simple algebraic expression for the confidence interval 
for the combination of sampled random errors with differing 
standard deviations. A good approximation for the coverage 
factor can be determined from a t-distribution with effec-
tive degrees of freedom given by the Welch–Satterthwaite 
approximation [2, 31],

( )
( )

∑
ν

ν

=
�

�
u X

u X
,

j

j

j

eff
c
4

4 (14)

where νj is the number of degrees of freedom associated with 
the measurements of Xj.

2.3. Discussion

The BIPM committee recognised that they had defined two 
distinct methods for evaluating uncertainty [2, 8, 9]:

Type A Uncertainties: Those evaluated by statistical methods 
(i.e. by sampling).

Type B Uncertainties: Those evaluated by other means.
There is no correspondence between the Type A / Type B 

methods classification and the random/systematic error clas-
sification. A systematic error and associated uncertainty might 
be determined using a Type A assessment with a subsidiary 
experiment, while the uncertainty due to random error might 
be determined using theory in a Type B assessment. Examples 
of the latter are found in electrical measurements where 
uncertainties due to shot noise or Johnson noise are inferred 
from theory.

As section  4 will show, both the standard uncertainty 
and expanded uncertainty are required, reflecting the  
different applications of descriptive statistics and infer-
ential statistics. Firstly, standard uncertainty is used in 
measurement summaries, especially in science, where it 
provides the best estimate of the rms error in the measure-
ment. The second group of applications require predictions 
about future measurements or parameter values, and are 
covered by expanded uncertainties inferred from the meas-
urement summary.

The GUM assumes that the error in any measurement 
result is distributed normally, and where there are many 
sources of error, the central limit theorem usually ensures that 
this assumption is met closely. Exceptions occur when there is 
a single dominant non-normal error process.

While the GUM clearly distinguishes error and uncer-
tainty, the active promotion of the term ‘uncertainty analysis’ 
as a replacement for ‘error analysis’ accompanying the pub-
lication of the GUM led to a lessening of the use of the term 
‘error’ in its proper manner. Some authors mistakenly use 
uncertainty and error interchangeably, e.g. [13].

3. Foundations and the Bayesian alternative

3.1. Probability interpretations

According to Kolmogorov [32, 33], probabilities must satisfy 
three axioms: (i) all probabilities are positive, (ii) the sum of 
the probabilities of all possible outcomes equals 1.0, and (iii) 
the probability of either of two independent outcomes is the 
sum of the probabilities of the individual outcomes. Curiously, 
these axioms impose little constraint on the interpretation of 
probability, and there are many, including frequentist, clas-
sical, propensity, logical, and subjective, along with variants 
[33]. This section introduces three interpretations relevant to 
measurement uncertainty.

One important distinction between the different interpre-
tations is whether the probability is objective or subjective 
[33–35]:

Objective probabilities relate to phenomena independent of 
or external to the mind. They are independent of perception or 
conception and undistorted by emotion or personal bias.
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Subjective probabilities relate to the thinking subject rather 
than to the object of thought. They depend on or take place 
within a subject’s mind, and vary between subjects and with 
experience, temperament, and situation.

3.1.1. Frequentist probability. Frequentist probability is one 
of the two interpretations most familiar to physicists and is 
defined as the mathematical limit of the relative frequency 
of an event averaged over a large number of identical trials. 
Frequentist probability is objective, but cannot apply to non-
repeatable events, such as whether it will rain tomorrow, or 
which candidate might win an election. The Type A uncer-
tainty assessment method defined by the GUM, and outlined 
in section 2.1, is frequentist.

Under the frequentist paradigm, it is meaningful say there 
is a 95% probability that a confidence interval calculated in 
a future measurement will enclose the measurand. But we 
cannot look back in time and say the same of a specific reali-
sation of a confidence interval; the measurand either does or 
does not lie within the interval, it is not random and therefore 
not amenable to a (frequentist) probabilistic interpretation. 
Frequentists use the term confidence rather than probability to 
characterise the surety of such intervals [14, 22].

3.1.2. Classical. According to the earliest interpretation of 
probability, which evolved from studies of games of chance 
[33], probability is shared equally amongst all possible ran-
dom outcomes of the same kind, and the probability of an 
event is the fraction of the total outcomes in which the event 
occurs. This classical interpretation is the second interpreta-
tion most familiar to physicists. It is objective, and is exploited 
in many Type B uncertainty assessments. Simple examples 
include round-off errors characterised by a uniform distribu-
tion, and sinusoidal errors sampled at random phase yielding 
an arcsine distribution. Most of the well-known parametric 
probability distributions are derivable using classical reason-
ing, and in physics, classical statistical reasoning leads to the 
Fermi–Dirac, Bose–Einstein, and Boltzmann distributions, 
and the concept of entropy [35, 36].

There are situations where the classical interpretation of 
probability is problematic, notably when ‘the same kind’  
of outcomes is poorly defined (see Bertrand’s paradox [37]), 
or where outcomes are drawn (hypothetically) from an infinite 
interval [33].

3.1.3. Subjective. Subjective probability is identified with 
‘degrees of belief’, ‘degrees of confidence’, ‘states of informa-
tion’, or ‘credence’ of particular outcomes [33]. Unlike frequen-
tist probability, which applies only to repeatable events, subjective 
probability can be applied to single outcomes on which a subject 
is uninformed. For example, a subject can claim that the probabil-
ity of an already-tossed coin being a head is 50%. To a frequentist 
statistician, this makes no sense because the coin is in a fixed 
state; there is no randomness. The uncertainty about the state of 
the coin relates to the lack of information in the subject’s mind 
rather than the random behaviour of the coin.

Subjective probability encapsulates an extreme range of 
interpretations from completely unconstrained judgements to 

carefully rationalised judgements. However, because uncon-
strained judgements usually violate Kolmogorov’s axioms 
and other mathematical requirements such as transitivity 
and commutativity [38], unconstrained subjectivism is not 
usually considered to be a viable probability interpretation. 
Instead, subjective probabilities are usually required to be 
logically consistent and not susceptible to a Dutch Book (a 
table of probabilities and bets guaranteeing a profit). There 
remain variations in interpretation, but invariably subjective 
probabilities belong to individual subjects, vary between 
individuals, and ‘lack an analogue of truth; some yardstick 
for distinguishing veridical probability assignments from the 
rest’ [33].

Subjective probability is generally deprecated in the 
physical sciences. Theories, including statistical models, 
are expected to describe objective realities, make unique 
predictions, and to be repeatedly tested against exper-
imental data. Subjective probability meets none of these 
expectations [39, 40].

3.2. Bayesian statistics

Bayesian statistics was arguably the first school of statistical 
thought [33, 41]. Bayes’ theorem was published in 1763, 
and developed further by Laplace and others during the 19th  
century. The approach fell out of favour in the first half of the 
20th century with the development of frequentist statistics, but 
several factors led to its re-emergence during the second half 
of the 20th century. Firstly, there were problems for which 
frequentist statistics was then unable to offer a solution. 
Secondly, there were significant advances in both the philos-
ophy and tools of Bayesian statistics. Thirdly, the computa-
tional difficulties of many Bayesian analyses were overcome 
with improved algorithms and the increasing capabilities of 
computers. Both frequentist and Bayesian methods are widely 
used by professional statisticians.

There are two main branches of Bayesian statistics, objec-
tive and subjective, both of which are founded on three main 
principles: the use of subjective probability, the use of Bayes’ 
theorem to invert conditional probabilities, and the likelihood 
principle. A conditional probability, P(A|B), is the probability 
of event A occurring, on the condition that event B has already 
occurred. The concept of conditional probability is a powerful 
way of removing ambiguities from probability calcul ations 
[33, 41]. For example, the probability of a patient having 
cancer is different from the probability of the patient having 
cancer given that they have tested positive for the disease, 
which is different again from the probability of testing posi-
tive given that the patient has cancer.

Conditional probabilities are inter-related by Bayes’ the-
orem [14, 22, 32]

( ) ( ) ( ) ( )=P A B P B P B A P A , (15)

where P(A) and P(B) are the unconditional probabilities for 
events A and B respectively. Proof of Bayes’ theorem follows 
from Kolmogorov’s axioms and the definition of conditional 
probability, and in principle, Bayes theorem is applicable to 
all forms of probability. Bayes’ theorem is not valid when 

Metrologia 53 (2016) S107



D R White 

S112

events A and B are causally related (e.g. when the test causes 
cancer) [39].

Bayesian statistics extends Bayes’ theorem from probabili-
ties to probability density functions (pdf ):

( )
( ) ( )

( ) ( )∫
π

π

π
| =∗ X x

L x X X

L x X X Xd
. (16)

When applied to measurement, this equation is interpreted as 
follows:

 π(X) is the prior distribution, or simply the prior. It is a 
pdf characterising the state of knowledge or strength 
of belief about the value of the measurand, X, before 
measurements are made.

 L(x|X) is the likelihood function, or simply the likelihood. 
When all of the measurements are independent, the 
likelihood is the product of the pdfs for the individual 
measurements (see example below).

 π*(X|x) is the posterior distribution, or simply the posterior. 
It is a pdf characterising the state of knowledge of the 
measurand, X, after the measurements are made.

( ) ( )∫ πL x X X Xd  is a normalising factor that ensures the pos-
terior has unit area.

In general, the integral in (16) must be solved numerically, 
although analytic solutions exist when the prior and the likeli-
hood are from the same family of exponential distributions 
(see example below). In that case the posterior also belongs 
to the same family, and the priors are called conjugate priors 
[42]. Conjugate priors are often used to calculate approximate 
solutions.

The third distinguishing feature of Bayesian statistics, and 
perhaps the most controversial, is the likelihood principle: 
that all relevant evidence about an unknown quantity obtained 
from an experiment is contained in the likelihood. The prin-
ciple is the most subtle and far-reaching feature of Bayesian 
statistics as it is incompatible with practically all of frequen-
tist statistics (see section 3.4.3).

The following example illustrates how Bayes theorem 
might be applied to measurement uncertainty. Suppose that 
prior knowledge of a measurand, X, is represented by a normal 

pdf ( )σN X ,prior prior
2 . If n observations, xi, of X are drawn from 

N(X, σ2), where X is unknown and σ is known, then the likeli-
hood is the product of the pdfs for the individual measure-
ments [42],
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and therefore contains information on both the observations 
and their statistical model (in accordance with the likelihood 
principle). The posterior, the normalised product of the likeli-
hood and the prior, is also a normal distribution with a mean 
given by the weighted average of the mean of the prior and the 
mean of the observations,

=
+

+

σ σ

σ σ
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The posterior variance reflects this average

σ =
+

σ σ

1
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npost
2

1
2
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2
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so that the inclusion of prior information results in a lower 
variance than would be obtained from a frequentist analysis.

This process can be repeated, recursively, as many times as 
required, with the posterior from the previous analysis used 
as the prior for the next analysis. The recursive nature of the 
algorithm suits many large-scale applications such as machine 
learning, pattern recognition, and decryption. For simple 
applications, such as those typically found in metrology, fre-
quentist analyses are simpler and usually employed in prefer-
ence [43]. Note too, as the number of measurements increases, 
the influence of the prior decreases, and in analyses involving 
large amounts of data, the use of a prior and the concept of 
subjective probability are essentially irrelevant.

3.3. Objective Bayesian statistics

Objective Bayesian statistics has evolved in part to address the 
concerns of the scientific community with subjectivity in (sub-
jective) Bayesian analysis (see section 4.5). Practitioners of 
objective Bayesian statistics argue that subjects equipped with 
the same information should arrive at the same judgements 
[44]. Additionally, non-informative priors are used to repre-
sent a state of minimal information or maximal ignorance.

However, ‘…no-one has yet been able to develop a logi-
cally consistent objective Bayesian theory’ [32]. Also, it can 
be extremely difficult to recognise anomalous results [45, 46].  
It is generally considered that the objective Bayesian approach 
fails because the ‘…real power of the Bayesian system is 
incorporating prior information, not ignorance’ [47]. For these 
reasons, many consider aspects of objective Bayesian statis-
tics to be ‘treacherous’ [43], and only suitable for experts: 
‘Bayesian theory requires a great deal of thought about the 
given situation to apply sensibly’ [48]. Additionally, because 
many of the prior distributions are improper (not able to be 
integrated), and the derivations of many objective priors con-
tradict the likelihood principle, many professional statisticians 
find objective Bayesian statistics unsatisfactory [49]. This sec-
tion describes the objective Bayesian approach in more detail, 
and highlights some of the difficulties and differences with 
respect to the current GUM.

3.3.1. Flat priors. The different approaches to Bayesian 
statistics are distinguished by the choice of prior and the 
rationale for that choice. Objective Bayesian statistics uses 
non-informative priors that, ideally, do not strongly influence 
the posterior. Early Bayesian statistics employed Laplace’s 
principle of indifference where a prior assigns equal probabil-
ities to all outcomes. The use of flat priors is often equivalent 
to maximum-likelihood estimation (MLE), which is favoured 
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in many physical analyses because it usually gives consistent 
minimum-variance unbiased estimates [32, 50].

If a flat prior replaces the prior ( )σN X ,prior prior
2  in the 

example above, the posterior distribution is simply the likeli-
hood, (17), which can be rearranged as [42]

( ) ( ) ( )
σ

| = −
−⎛

⎝
⎜

⎞
⎠
⎟L x X G x x x

n x X
, , .. exp

2
,n1 2

2

2
 (20)

where ( )G x x x, , .. n1 2  is a function of the observations only. 
Differentiation of (20) with respect to X shows that the max-
imum likelihood occurs where =X x , and this is taken to be 
the best estimate of X. The standard deviation of the posterior, 

/σ n , is the uncertainty in this estimate. However, differentia-
tion of the likelihood with respect to X implies a perspective 
where the observations are fixed and the measurand is vari-
able. This perspective is Bayesian and contradicts the physi-
cist’s model (section 2) where the measurand is fixed and the 
observations are variable [51, 52].

Flat priors generally work well for one-dimensional analyses, 
but they have problems. A flat prior applied to typical metro-
logical measurements assigns equal probability to all outcomes 
ranging from  −∞ to  +∞, so is improper—it cannot be inte-
grated. In multi-dimensional analysis, flat priors often render 
problems insolvable or lead to incorrect solutions [43, 45, 46].

Another problem arises where measurements can be trans-
formed mathematically so that the prior is no longer flat, 
implying prior knowledge where there is none. An example 
is the measurement of temperature using a thermistor with a 
resistance given by

( ) ⎜ ⎟
⎛
⎝

⎞
⎠
β

=R T R
T

exp ,0 (21)

where R0 and β are constants, and T is the absolute temper-
ature. Now, should the prior be flat with respect to the current 
through the thermistor, the resistance of the thermistor, or the 
temperature? In the absence of a compelling rationale for the 
parameterisation, the solution to the measurement problem is 
ill-defined.

3.3.2. Jeffreys priors. The geophysicist Harold Jeffreys, who 
played a significant role in the revival of Bayesian statistics 
[53], developed non-informative priors based on minimising 
the Fisher information [32, 42, 45, 46]:
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where E indicates expectation (over x). The Fisher information 
measures the curvature of the likelihood near the maximum. 
The definition of the prior is invariant under transformation so 
overcomes the ambiguities found with nominally flat priors. 
For measurements ranging between  −∞ and  +∞, and drawn 
from a normal distribution, N(μ, σ2), with unknown mean, the 
Jeffreys prior is

( )π µ ∝ 1, (23)

which is flat and improper. If the unknown mean is restricted 
to positive values (μ  >  0), as it should be for mass, power, and 
temperature, then the prior is hyperbolic,

π µ µ∝ 1/ ,( ) (24)

and also improper.
Jeffreys priors are generally well behaved (mathemati-

cally) for univariate problems, but are often badly behaved for 
multi-variate and multidimensional problems. For example, 
where both the mean and variance are unknown, the formal 
Jeffreys prior is,

( )π µ σ σ∝, 1/ ,2 2 (25)

but results in an improper posterior. Jeffreys recommended 
instead

π µ σ σ∝, 1/ ,2( ) (26)

which does result in a proper posterior. Coincidentally, the 
use of (26) with normally distributed observations yields a 
posterior for μ that is a scaled and shifted t-distribution with 
n  −  1 degrees of freedom giving credible intervals for μ iden-
tical to frequentist confidence intervals. It is the prior under-
lying the Type A analysis of GUM-S1, and GUM-rev. Note, 
however, the prior (26) is not appropriate for known-positive 
quantities such as temperature, mass and power, a point over-
looked by GUM-S1 and GUM-rev.

3.3.3. Other non-informative priors. The selection of priors 
for objective Bayesian analysis is an active area of research, 
and there are now many different priors, each with different 
rationale. Amongst the first were the maximum entropy priors 
proposed by Jaynes in 1957 [37] based on Shannon’s concept 
of information entropy [54]. It is argued that the least informa-
tive prior should be the one with the greatest entropy.

Reference priors evolved from the work of Bernardo  
[55, 56], who formalised the concept of a non-informative 
prior as a function that maximises the divergence between the 
posterior and the prior. There are different priors depending 
on the criterion for divergence [57]. Reference priors are 
invariant under transformation, are better behaved for multi-
variate problems, but not entirely free of problems [43]. For 
the simple problem of the measurements drawn from a normal 
distribution with unknown mean and variance, most reference 
methods yield (26) [45, 46, 57, 58].

In recent years, there has been increasing interest in recon-
ciling the frequentist and Bayesian approaches, and so-called 
calibrated and empirical Bayesian methods, e.g. [47, 59]  
have been developed where numerical simulations are carried 
out to determine the frequentist performance of the Bayesian 
result, or identify a prior that yields a posterior satisfying a 
frequentist requirement. Although, selecting priors on the fre-
quentist performance of the posterior seems perverse when it 
is argued that Bayesian methods are superior and that prob-
ability does not correspond to frequencies of events, if we 
are only interested in algorithms with good frequentist per-
formance, we should not necessarily be concerned how they 
were discovered.
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3.4. Philosophical differences

3.4.1. Interpretation of probability. The most important 
practical difference between the frequentist and Bayesian 
approaches is that Bayesian statistics uses subjective probabil-
ity. One advantage of the approach is that Bayes’ theorem (16) 
provides a formal means for combining subjective evidence 
(via the prior) and objective evidence (via the likelihood), but 
in doing so it gives equal consideration to personal beliefs and 
hard data [43] (see section 4.5 for further discussion of this 
point). One of the motivating factors for the Bayesian revi-
sion of the GUM was to legitimise perceived problems with 
the subjective aspects of Type B uncertainty analyses [11] by 
adopting subjective probability. However, the change means 
that uncertainty, under any of GUM-S1, GUM-S2 and GUM-
rev, is no longer a quantification of error but a quantification 
of the experimenter’s state of information [21], which is per-
sonal, abstract, and cannot be confirmed or falsified [32, 48, 
60, 61].

Under the objective Bayesian approach, expanded uncer-
tainties are identified with credible intervals (rather than con-
fidence intervals), which enclose the requisite fraction of the 
area under the posterior. Unlike the case for confidence inter-
vals, we can say ‘there is a 95% chance of a credible interval 
enclosing the measurand’; it is a statement of belief. However, 
Bayesians are split on the practical meaning of credible inter-
vals. Bayarri and Berger [44, 62] argue that credible intervals 
should match the frequentist coverage of confidence intervals, 
while others reject any link to long-run success rates [38].  
In the absence of good frequentist performance, it is not clear 
what practical meaning can be associated with the intervals, 
and this remains an outstanding question for proponents of 
Bayesian revision of the GUM.

The change in the object of interest, from errors to knowl-
edge, is accompanied by a change in the model of the meas-
urement. Whereas a physical model of the measurement 
considers the measurand to be single valued (see section 2), 
in epistemological models, the value of the measurand is 
distributed. The need to consider two different models in a 
Bayesian analysis of a measurement, one physical and one 
epistemological [63], is a source of confusion. For example, 
Monte Carlo is often used by both frequentist and Bayesian 
statisticians to compute the convolution of distributions and 
propagate distributions through non-linear equations. In a 
frequentist analysis of a system with a normally distributed 
random error, the Monte Carlo algorithm draws samples from 
a normal distribution representing the error process, and there-
fore simulates the response of physical system to the error. 
In a Bayesian analysis, according to GUM-S1, the algorithm 
instead draws samples from the t-distribution representing the 
state of knowledge, so does not simulate the physical system.

3.4.2. Use of a prior information. Because the use of Bayes’ 
theorem is obligatory in Bayesian analysis [52], under the 
Bayesian paradigm, there is no mechanism for reporting mea-
surements ‘untainted by previous beliefs or knowledge’ [64]. 
Although the use of non-informative priors partly addresses 

this problem, there remains the question of which prior to 
use. For simple univariate problems, the Jeffreys prior (26) 
is an obvious choice, but it is hardly unique [45, 46, 57]. For 
multivariate and multidimensional problems, there are many 
possible priors and no obvious basis within the Bayesian para-
digm for selecting one over another [61].

The use of the prior means that Bayesian analyses always 
produce biased estimates [32, 42]. However, Bayesian statisti-
cians do not regard bias as a problem because the estimator 
with the lowest uncertainty is considered to be the one that 
uses all the available information most efficiently [42].

3.4.3. The likelihood principle. The likelihood principle is 
one of the most contentious aspects of Bayesian statistics. 
The modern perspective is based largely on Birnbaum’s 1962 
proof [65], although the principle dates at least to the 1920s. 
Birnbaum’s proof is now known to be flawed [66, 67] and the 
principle is not as far reaching as once thought [66, 68].

If indeed, all relevant evidence about an unknown quantity 
obtained from an experiment is contained in the likelihood, 
then the frequentist ideas of probability, especially the ideas 
of hypothetical repeats (observations that are never made), 
are untenable. The practical effect is that the principle con-
traindicates practically all of frequentist statistics including 
hypothesis testing, confidence intervals, randomisation of 
experiments, and even the concepts of the standard error and 
significance level [61, 66, 69], and, consequently also much of 
the modern approach to science [43, 61, 69].

The conflict between perspectives has given rise to a 
number of paradoxes that Bayesians take as evidence that 
frequentist statistics is deeply flawed, and frequentists take to 
be proof that the likelihood principle is wrong. In any case,  
to most Bayesians, the likelihood principle is axiomatic so the 
frequentist and Bayesian paradigms are, in principle, incom-
patible [43]. There is apparently no compromise position [69]. 
Nevertheless, most practising statisticians draw freely from 
both the Bayesian and frequentist toolboxes.

3.4.4. Example type B assessment. Consider another ITS-90 
example; specifically, estimating the uncertainty due to isoto-
pic effects in the freezing temperature of zinc. O’Hagan [70] 
describes well the process for eliciting, from an expert, values 
for the upper and lower bounds of a Quantity of Interest (QoI), 
then the median value, then the upper and lower quartiles. The 
facilitator then fits a distribution to the intervals to obtain the 
pdf characterising the expert’s state of information. Although 
the expert is briefed to avoid biases and anchoring effects,  
‘It should be obvious from this procedure that elicitation is an 
imprecise process of judgement. We know that changing the 
questions slightly, or even asking the expert the same questions 
on a different day, could yield different answers’ [70]. Addi-
tionally, although it is considered important that the expert 
reviews all the relevant evidence relating to the QoI, there is no 
record of how the expert came to these judgements.

In contrast, the starting premise for an objective (frequen-
tist) analysis is that there is no prior scientific knowledge 
without prior observation. The expert knows that no-one 
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has previously measured or estimated the isotopic effect in 
zinc, but the effect is known in other substances. There is 
also theory relating phase-transition temperatures to iso-
topic composition, and a few papers reporting the natural 
isotopic variations in zinc ores. Armed with papers, books, 
and some assumptions, the expert makes an estimate of the 
standard deviation of the variation of isotopic composition 
of zinc, estimates the fractionation factors for the zinc iso-
topes, and hence the sensitivity coefficients, from which the 
standard uncertainty in the realised temperature is estimated. 
The process includes assumptions and judgements, and these 
are recorded along with references to the data and the theory. 
Most importantly, the process by which the expert came to the 
judgement is defensible and auditable; auditable processes are 
essential for traceable measurements. Records are also essen-
tial for the incorporation of improvements as better data and 
models become available. The judgements and assumptions 
may be subjective, but there is no requirement for subjective 
probability.

3.5. Numerical comparison of GUM, GUM-S1 and GUM-S2

3.5.1. Univariate measurements. With small numbers of 
observations, the GUM (frequentist) and GUM-S1 (objective 
Bayesian) approaches give different numerical results. Under 
GUM-S1, standard uncertainties are taken to be the standard 
deviation of a posterior t-distribution representing the state of 
information or strength of belief, and are no longer estimates 
of the standard deviations of the errors in the measurements. 
This leads to standard uncertainties larger than those calcu-
lated according to the GUM:
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where n is the number of observations. Where three or fewer 
observations are taken, the standard uncertainty is not defined. 
As the number of measurements increases, the GUM-S1 and 
GUM approaches converge. As noted earlier (section 3.3.2) 
the expanded uncertainties for univariate GUM and GUM-S1 
analyses are identical.

This trivial example highlights the loss of harmony with the 
proposed GUM revision. Uncertainty is no longer an attribute 
of the measurement process, but of the mind of a hypothetical 
uninformed metrologist.

3.5.2. Multivariate measurements. GUM-S1 does not repli-
cate GUM results well for measurements with small numbers 
of observations and with more than one influence quantity. 
Suppose Z is estimated from the sum of the means of observa-
tions of two quantities, X and Y, with the nx observations xi 
drawn from ( )σN 0, x

2  and ny independent observations yj drawn 

from ( )σN 0, y
2 . This example is a variation on the Behrens–

Fisher problem, for which there is no simple exact algebraic 
formula for the frequentist coverage factors for all values of 
nx, ny, σx, and σy [71].

Under the GUM, the square of the combined standard 
uncertainty in the estimate of = +Z X Y  is
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where sx and sy are the respective sample standard devia-
tions. Expanded uncertainties are calculated using the Welch–
Satterthwaite approximation, (14).

The GUM-S1 approach uses the prior (26) independently 
for each of the xi and yj measurements, resulting in shifted 
and scaled t-distribution posteriors with νx and νy degrees of 
freedom, respectively. The combined standard uncertainty in 
Z is obtained from the convolution of the two t-distributions, 
so that the variances (27) add,
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Again, this uncertainty is larger than (28), and is undefined 
for small numbers of observations of either of X or Y. If, for 
example, a subsidiary experiment with two or three obser-
vations is carried out to check the contribution of a minor 
influence variable, the combined standard uncertainty for the 
whole measurement is ill-defined.

Expanded uncertainties are found by calculating the 
smallest interval that encloses the requisite fraction of the area 
under the posterior for Z. Figure  1 compares the expanded 
uncertainties for Z using GUM (dashed curves) and GUM-S1 
(solid curves), for small numbers of measurements. The hori-
zontal axis uses ( / )θ σ σ= n narctan y x x y  to compress the axis and 
display all values of /σ σn ny x x y from 0 to  ∞. The vertical axis 
plots the coverage factors with respect to the GUM standard 
uncertainty, (28). The upper two curves show the results for 
= =n n 3x y , the central two curves are for = =n n6, 3x y , and 

the lower two curves are for = =n n 6x y .
Notably, all of the GUM-S1 credible intervals are larger 

than the corresponding GUM confidence intervals. Note too, 
although the GUM-S1 standard uncertainty does not exist for 
1, 2 or 3 degrees of freedom (see (29)), the expanded uncer-
tainty does exist. With large numbers of measurements, both 
approaches converge on the 95% coverage factor for a normal 
distribution (the horizontal solid black line).

From a scientific perspective, figure  1 begs the question 
about which, if either, of the two approaches is correct. The 
answer is that the GUM approach describes very closely, 
though not exactly, what we observe in experiments, as is 
easily verified with numerical simulations. There are also 
points close to the minima on each of the dashed (GUM) 
curves where the Welch–Satterthwaite approximation is exact, 
i.e. when ν ν=s s/ /x x y y

2 2  [72].
The Welch–Satterthwaite equation  appears naturally in 

some areas of physics and metrology. Electrical noise power 
is typically measured using a square-law detector, for which 
the resulting amplitude distribution is chi-square. The relative 
variance in the measured noise power is therefore /ν2  where 
ν is the number of degrees of freedom, or equivalently, the 
effective number of independent measurements used to com-
pute the power. The number of degrees of freedom typically 
depends on the measurement time and the correlation band-
width, ∆fc of the measurement system:
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Equation (30) is a variation of the Welch–Satterthwaite equa-
tion  and describes the number of degrees of freedom per 
second acquired by the measurement system. Continuous and 
discrete versions of this expression can be found in studies 
of noise thermometry [73], radio-frequency metrology [74], 
communications [75], and radar [76].

3.5.3. Multidimensional measurements. GUM-S2 provides 
guidance for multidimensional problems. As Klauenberg and 
Elster point out [58], there is no ‘standard’ reference prior for 
estimating the mean and variance of a multivariate normal dis-
tribution. Further, many of the possible priors do not result 
in simple analytic expressions for posteriors. There are, how-
ever, a few priors that yield scaled and shifted t-distributions. 
The posterior chosen for GUM-S2 exhibits exact frequentist 
coverage with respect to vectors representing the multidimen-
sional measurements, but not for the marginal posteriors, i.e. 
where a univariate posterior is obtained by integrating over 
the other variables [58]. One of the other t-distributions gives 
exact frequentist coverage for the marginal posteriors, but not 
for the vector.

Most multivariate objective Bayesian analyses suffer from 
bizarre inconsistencies; (i) with changes in the order in which 
measurements are made [14], (ii) with changes in the alge-
braic representation of equivalent measurement models [14], 
(iii) with calculated corrections for non-linear measurements 
having the wrong sign [77], and (iv) with the uncertainty 

depending on irrelevant parameters, as demonstrated in the 
following example.

Consider measurements of X and Y, taken exactly as 
described in the previous section, which are then transformed 
according to
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so that the first measurand in the output vector is = +Z X Y . 
According to GUM-S2, the standard uncertainty is
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where ρ is the number of entries in the output vector (now 2). 
Thus, the standard uncertainty in �Z  depends on the number 
of variables in the output vector, despite the fact that the 
mathematical model for Z is exactly as before. This bizarre 
behaviour can be emphasised by including an additional, but 
irrelevant measurand in the same experiment,

⎛
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so that ρ  =  3. Under GUM-S2, the simple act of recording 
another quantity changes the uncertainty in �Z , despite it not 
being a part of the measurement model for Z. Additionally, 
a greater number of measurements is required to ensure the 
standard uncertainty is well defined. Both of these problems 
are illustrated in the GUM-S2 example ([18], p52), which 
should be compared to the same example treated under the 
GUM ([2], p85). Not only is the calculated uncertainty in 
the GUM-S2 example more than twice that obtained under 
the GUM, but also the number of data points has had to be 
increased from 5 to 6 to make the problem solvable.

3.5.4. Non-linearity and measurements near a limit. In 
response to the claim that GUM-S1 gives ‘more valid’ esti-
mates of uncertainty than GUM for non-linear systems, Hall 
[29] considered the measurement

= +Z X Y ,2 2 (34)

where X and Y are the real and imaginary parts of a com-
plex quantity, and Z is the magnitude. This example occurs  
frequently in electrical measurements, and is problematic 
when X and Y are close to zero. Hall compared the actual cov-
erage of 95% confidence intervals determined from numerical 
simulations with the corresponding intervals calculated using 
the GUM and GUM-S1 procedures. When the relative uncer-
tainties are small, both GUM and GUM-S1 intervals have 
good frequentist coverage. However, as the relative uncertain-
ties are increased, GUM coverage decreases to about 88%, 
but the coverage for the GUM-S1 intervals falls more quickly, 
eventually falling to zero, so the intervals fail to achieve any 
coverage. This example prompted extensive discussion in 
Metrologia and elsewhere e.g. [27, 78, 79].

The example conflates three difficulties: non-linearity, the 
problem of making a measurement near a limit (Z  >  0), and 

Figure 1. Comparison of coverage factors for estimates of 
Z  =  X  +  Y, for different numbers of observations versus nx σy/ny 
σx. GUM-S1: solid curves. GUM: dashed curves. The scale on the 
right hand side is the equivalent degrees of freedom. The horizontal 
black line k  =  1.96 is the limiting behaviour of both approaches for 
infinite numbers of observations.
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multiple variables (discussed already). Firstly, and perhaps 
most obviously, non-linearity distorts distributions, and, since 
both GUM and GUM-S1 assume all results are distributed 
normally, good frequentist behaviour should not be expected 
from either approach.

Secondly, the problem of making measurements near a limit 
has been the subject of Bayesian-versus-frequentist debate 
for some time. Several instances occur in particle physics 
where simplistic application of both Bayesian and frequen-
tist methods give unsatisfactory results. In 1998, Feldman and 
Cousins developed an exact frequentist solution [47].

The example highlights three important points. Firstly, 
GUM-S1 does not always perform better than GUM for non-
linear measurements, and the GUM-S1 recommendation to 
choose the GUM-S1 uncertainties where there is a discrep-
ancy with GUM, is potentially harmful. Secondly, where 
assumptions (e.g. normality of distribution) are not satisfied 
and the measurement model is known well, it is possible to 
simulate the system and test uncertainty analysis procedures. 
In this respect, frequentist statistics has also benefitted from 
the growth of computing power. Thirdly, so long as the distri-
bution of error is the focus of the uncertainty analysis, there 
is a yardstick against which any analysis procedure, whether 
frequentist or Bayesian in origin, can be tested and proven to 
be fit for purpose.

4. Fitness for purpose of uncertainty analyses

The natural endpoint for all metrological traceability chains is 
a measurement that influences a decision [80]. From this per-
spective, measurement uncertainty is a tool for managing the 
risks and costs associated with decisions influenced by mea-
surements. This section  considers examples from different 
spheres of metrology characterised as commerce, compliance, 
calibration, comparisons, and curiosity (science).

4.1. Commerce

Measurements commonly influence decisions about contrac-
tual arrangements between buyers and sellers, and operational 
decisions within manufacturing industries. A grossly simpli-
fied example [81] is a chicken hatchery where operators make 
occasional adjustments of the incubator temperature to maxi-
mise the hatch rate. Remarkably, the hatch rate, expressed as 
the ratio of chickens hatched to eggs incubated, is a quadratic 
function of incubator temperature. This means that the mar-
ginal cost to the operator of an incorrect incubator temper-
ature, which may vary over time and position, is proportional 
to the mean-square error.

Typically, the cost functions relating the operational costs 
of an enterprise to operational parameters are proprietary and 
specific to a particular company or manufacturing plant. The 
presence of an optimum is also a common feature of cost func-
tions. Near the minimum, the cost function is nearly always 
quadratic, so the mean-square error in an operational para-
meter is a direct measure of the effectiveness of operational 
adjustments. This observation supports the use and definition 

of standard uncertainty, as the rms error, to characterise the 
error in a measurement.

Note that the standard uncertainty is not simply a concep-
tual aid to the understanding of a measurement; it is a quantita-
tive measure of a physical attribute of a measuring instrument 
or process. As section  3 noted, the standard uncertainty  
calculated according to GUM-S1 is not, for small numbers of 
measurements, the rms error. This marks a very clear distinc-
tion with the Bayesian approach of GUM-S1. Interestingly, 
Bolstad notes [42] that for many simple analyses, the mean-
squared error (uncertainty2  +  bias2) for objective Bayesian 
and frequentist analyses are the same.

4.2. Compliance

Measurements are often made in support of fair trading, health, 
safety, and environmental regulations. Consider a baker who 
states on biscuit packets that the net weight is 200 g. In most 
countries, the practical meaning of such statements is tied to 
fair-trading regulations and to the average quantity system 
(AQS) [82].

The measurement problem is shown graphically in figure 2 
where the errors in the measurements of packet weights are 
assumed (for simplicity) to be random and distributed nor-
mally about the true packet weight. Each filled packet is 
weighed at the end of the production line, the known weight of 
the empty packet is subtracted, and a decision is made whether 
the filled packet should be approved for sale. The shaded area 
in figure 2 represents the probability that the balance, when 
weighing an underweight packet with a true net weight of 
199 g, would indicate a net weight exceeding 200 g, so the 
packet would be incorrectly approved for sale. By adding  
the guard band, the baker reduces the probability of approving 
the underweight packet.

When guard bands are used, there is often a compromise 
between two non-reconcilable costs [83]. Here, one cost 
relates to the possible prosecution and bad publicity arising 
from selling underweight goods. The other cost arises from 
the extra biscuit added to packets as a consequence of adding 
the guard band. The baker is responsible for reconciling the 
costs according to proprietary knowledge of the production 
process and company policy.

Effective cost-risk compromises can only be reached 
if those making the decisions have objective (i.e. not ‘opti-
mistic’ or ‘conservative’) quantifications of the error in the 

Figure 2. In order to avoid shipping underweight packets, the 
manufacturer includes a guard band to account for the errors in the 
measured net weights.
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measurements on which the decisions are based. For example, 
a conservative (unduly large) uncertainty reported for the 
readings of the balance at the end of the production line would 
cause the baker to unnecessarily increase the overfilling of the 
packets. Similarly, an optimistic report of uncertainty would 
unnecessarily expose the baker to prosecution. As a number 
of authors have noted [27, 48, 62, 84], statisticians reporting 
confidence or credible intervals have a duty to be wrong the 
stated percentage of times.

This example also illustrates a frequentist application of 
Bayes’ theorem. To estimate the net weight of a packet, given 
that the production line produces mostly overweight packets, 
the baker should use conditional probabilities. Thus, if the pro-
cess produces packets with net weights in grams distributed as 
N(215, 102), then this should be the prior used in the estima-
tion of the packet weights (see the example of section 3.2).

4.3. Calibration

Calibrations are amongst the most rigorous and common mea-
surements carried out in metrology laboratories. The results 
influence decisions made by the laboratory, the owner of the 
calibrated instrument, and potentially, many different users 
further along the traceability chain.

For indicating instruments, calibrations involve taking 
repeated measurements of a quantity with a known ‘refer-
ence’ value using the instrument under test. The mean of the 
observed differences and the sample standard deviation of 
these differences are, respectively, measures of the system-
atic and random errors in the indications of the instrument. 
Typically, the negative of the mean difference is reported as a 
correction to be applied in future measurements.

Users of calibrated indicating instruments often require the 
uncertainty in individual corrected readings, and this involves 
the calculation of two uncertainties. The first, associated with 
the calibration of the instrument, is the uncertainty in the cor-
rection as determined according to section 2.1, equation (5); 
/s n . To this must be added the uncertainty due to the random 

error occurring in single observations when the instrument is 
used. This is estimated as the standard deviation, s, of the 
differences observed during calibration. The standard uncer-
tainty (i.e. rms error) in future, single, corrected readings is 
the quadrature sum of these two terms

( ) ( / ) /= +�u x s n1 1 .1 2 (35)

The prediction interval, (8), is the corresponding expanded 
uncertainty [14, 22, 85]. Note that the application of the 
Student t-distribution to the computation of coverage factors 
for prediction intervals requires that the observations are dis-
tributed normally. This is a more demanding requirement than 
for the computation of confidence intervals, for which it is 
sufficient that the sample mean is distributed normally, a con-
dition readily satisfied according to the central limit theorem. 
Prediction intervals are required frequently in calibrations and 
should be discussed in a revised GUM. Note again, that the 
uncertainty in corrected indications of the instrument under 
test is a specific objective attribute of an instrument, and is 

sought by the client. It is difficult to see how an untestable 
uncertainty characterising the subjective beliefs of one of the 
laboratory’s technicians would meet the client’s needs.

It is very common for calibration results to be used to make 
multiple decisions affecting the use of instruments, and this 
highlights a particular problem with Bayesian approaches. 
For example, Kok et al [86] describe a number of options for 
a Bayesian calibration of a flow meter in which informative 
priors, based on a past calibration and on the assumed compli-
ance of the instrument with a documentary standard or manu-
facturer’s specification, are used to provide a lower uncertainty 
than would be achieved with a GUM-based calibration proce-
dure. Unfortunately, the reduction in uncertainty comes at the 
expense of a bias that renders the calibration useless for some 
decision making processes. For example, clients often use cal-
ibration results to determine the instrument compliance with 
a documentary standard, and the use of a prior that assumes 
compliance means that poorly performing instruments may 
not be recognised and withdrawn from service. Similarly, all 
ISO17025-accredited calibration laboratories are required to 
monitor the drift in their reference instruments [87], and the 
use of a past calibration as a prior will obscure any drift, again 
with the possibility that unsatisfactory instruments may not be 
recognised. As a general rule, informative priors should not 
be used for calibration analyses. This does not preclude the  
possibility of a client using the calibration results in a Bayesian 
analysis.

4.4. Comparisons

Figure 3 shows the results of a recent international compar-
ison of realisations of the temperature of the triple point of 
water (TPW) [88]. The graph plots the measured temperature 
differences with respect to the comparison reference value 
determined under an earlier BIPM comparison. Also shown 
are expanded uncertainties (approximated with k  =  2) in the 
differences. If the uncertainties are an accurate quantification 
of the combined errors in the comparison measurements and 
the TPW realisations, then approximately 95% of the uncer-
tainty bars should enclose the comparison reference value 
(zero on the vertical axis).

Several features are apparent in figure 3. Firstly, there is 
a single outlier approximately six standard deviations from 
the reference value. Such outliers are commonly the result 
of mistakes rather than measurement error, often as simple 
as an incorrect sign in a spreadsheet. The discovery of such 
mistakes is one of the reasons for carrying out measurement 
comparisons. Secondly, all except one of the remaining labo-
ratories lie within one standard deviation of the reference 
value, suggesting that most of the uncertainty assessments 
are conservative. An alternative explanation is that all labo-
ratories’ measurements share a systematic error of similar  
magnitude and sign.

One aim of comparisons is to test laboratories’ abilities to 
correctly account for their measurement errors by a correct 
analysis of uncertainty. In particular, many systematic errors 
in individual laboratories’ measurements usually become 
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apparent when compared to other laboratories’ repetitions 
(i.e. no longer hypothetical, see section 2.2) of the same meas-
urement. Individual participants inspect the results to deter-
mine whether their assessment is reasonable or needs revision, 
and BIPM committees decide whether the results support 
participants’ claims to have their calibration and measure-
ment capability (CMC) listed on the BIPM database. That 
is, metrologists actively test uncertainty analyses and expect 
the observed dispersion of results to be commensurate with 
reported uncertainties.

One of the arguments advanced in support of GUM-S1 for 
the use of very conservative expanded uncertainties is that 
most uncertainty assessments are currently too optimistic 
[21] and certainly there are comparisons where many of the 
uncertainty assessments are optimistic. However, the obvious  
conclusion is that we should improve our measurement models 
and analysis skills, not that we should inflate uncertainties to 
obscure our lack of skills.

4.5. Curiosity

The needs of a technological society include a set of authori-
tative values for key fundamental physical constants. The 
responsibility for determining the values for the constants 
lies with the Committee on Data for Science and Technology 
(CODATA) Task Group on Fundamental Constants. 
Approximately every four years, the committee gathers all 
publications reporting relevant measurements and performs a 
‘least-squares adjustment’ to determine the values. The 2010 
adjustment [89] involved 160 reports of measurements, from 
which were determined values for 83 constants, many of which 
are inter-related or constrained by physical theory. Typically, 
a final measurement from a research team is the culmination 
of many years’ effort, and improvements in the measurement 
uncertainty can often be tracked through intervening publica-
tions. These improvements invariably arise from reductions in 
both systematic and random errors, in contradiction to some 
claims, e.g. [11].

Harmony is the perhaps the most obvious requirement for 
the measurements. If the uncertainties for different meas-
urements are prepared according to different paradigms, the 
chosen values for the constants will not be optimum in any 
sense. A more important requirement is that the data should 
be untainted by prior knowledge; CODATA already include 
all relevant historical measurements. If the reported results 

include priors in their analysis, whether they are objective, 
subjective, or based on past experiment, CODATA would 
have to reverse every Bayesian calculation and, hence, require 
detailed knowledge of all of the different priors. The current 
practice of scientists reporting the novel information in an 
untainted form is as required.

Nobel laureate Richard Feynman famously noted [90],  
‘If a theory disagrees with experiment, it is wrong. In that 
simple statement is the key to science’. Actually, the state-
ment holds several of the keys to science, and a brief discus-
sion sheds light on some of the reasons many scientists reject 
Bayesian statistics. Firstly, and most obviously, Feynman 
advises us to test theory against observation. For example, as 
section  3.5 explained, GUM-S1 and GUM-S2 are not good 
theories of measurement error. According the Feynman test, 
they are wrong. Of course, Bayesian statistics is claimed to be 
a theory about knowledge, not measurement error.

The status of Bayesian statistics as a theory on the acqui-
sition of knowledge is also questionable. In particular, there 
appears to be no experimental support for the Bayesian prin-
ciple that personal beliefs can be represented quantitatively as 
probabilities (obeying Kolmogorov’s axioms). Indeed there is 
evidence that the principle is wrong [38] and reasons why it 
should be wrong [39, 91].

Feynman’s statement also hints at the Popperian prin-
ciple (also espoused by De Finetti [62], one of the founders 
of modern Bayesian statistics) that scientific theories must be 
testable and falsifiable. By this test, any theory based on an 
interpretation of probability being ‘a measure of someone’s 
beliefs, … not susceptible of being proved or disproved by the 
facts’ (also De Finetti, [62]) should be judged as non-scientific.

Finally, section 4.3 highlighted the problem of the utility 
of measurements being compromised by the use of inappro-
priate priors, and this hints at a similar, more general problem 
with subjective Bayesian statistics. Feynman’s statement can 
be interpreted to mean that theories should be tested against 
experiment and only against experiment (see also [92]).  
To scientists, beliefs about the truth or otherwise of a hypoth-
esis are a part of the hypothesis and not a part of observations 
or data. The inclusion of a scientist’s beliefs as a subjec-
tive prior formalises the logical fallacy of petitio principii: 
assuming as a premise, a statement with the same meaning as 
the conclusion (colloquially, begging the question).

4.6. Discussion

Several of the examples above offer additional insights or sug-
gest requirements that we should expect of a revised GUM.

4.6.1. Decisions depend on comparisons In all of the 
examples above, measurements are used to aid in the mak-
ing of decisions. All of the decisions are made by comparing 
quanti ty values of the same kind:

 • incubator temperatures are compared with the ideal 
hatching temperature

 • biscuit-packet weights are compared to legislated require-
ments

Figure 3. Summary of results for a recent international comparison 
of water triple point cells.
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 • instrument indications are compared with reference 
values and with documentary standards,

 • measured values of comparison artefacts are compared 
with other participants’ values,

 • measured values for fundamental constants are compared 
and combined with others.

For the decisions to be effective, all measurements and 
reference values must be traceable to the same measurement 
standards. In this sense, measurement uncertainty is a quanti-
tative measure of the traceability of the measurement—the 
proximity of measurement results to true SI values.

4.6.2. Importance of proprietary information. Often, in the 
commercial environment especially, the knowledge required 
to evaluate the costs and risks of a poor measurement do 
not lie with those making the measurements. Therefore, it is 
important that those making the measurements do not make 
assumptions that may later compromise the utility of the 
measurements. The hazards of doing so are highlighted by 
section 4.3.

4.6.3. Error as a prime cause. In all of the examples, errors 
in the measurements will occasionally be the prime cause of 
poor decisions. In order to manage the risks and costs associ-
ated with measurement error, users require the uncertainty to 
be an objective measure of the magnitude of the errors. Addi-
tionally, and as illustrated by the compliance example (section 
4.2, see also section 4.4), bias in an uncertainty estimate has 
a cost, and in the absence of detailed knowledge of how mea-
surements may be used and the corresponding cost functions, 
we should prefer unbiased estimates.

4.6.4. Real-world consequences. In all cases, errors in 
measurements have real-world consequences: fewer chick-
ens hatched, under-filled biscuit packets released for sale, 
and faulty instruments remaining in service. The relationship 
between measurement uncertainty and the incidence of poor 
decisions is meaningful only if the uncertainty statements are 
objective.

4.6.5. Uncertainty of processes and instruments. For several 
of the measurements—the individual weighings of the many 
biscuit packets, the many possible readings of the calibrated 
indicator, and the many possible repetitions of a calibration 
procedure—the uncertainties apply to future measurements 
rather than an estimate of a single measurand as anticipated 
by GUM and GUM-S1. In these cases, equation  (35) is the 
correct estimate of the standard uncertainty. The GUM should 
carefully distinguish the two types of measurement, and give 
the appropriate uncertainty for each.

5. Conclusions and recommendations

The GUM is a successful document and has largely satisfied 
its purpose of harmonising measurement uncertainty practice. 
If left in its current state, it will continue to serve that purpose. 
However, the GUM fails to clearly express an underpinning 

rationale for uncertainty analysis, fails to present a consis-
tent statistical philosophy, and uses a confusing notation. 
These limitations may inhibit further adoption of the GUM, 
and a revision addressing these weaknesses will advance the  
harmonisation of uncertainty practice.

This paper argues for a GUM revision in harmony with the 
current GUM on the grounds of fitness for purpose. Firstly, 
section 2 gives a purely frequentist interpretation of the cur-
rent GUM, showing that the Bayesian revision, and especially 
the troublesome concept of subjective probability, is unnec-
essary. Section  3 then provides metrologists with an over-
view of the frequentist and Bayesian paradigms as applied to 
measurement uncertainty. The section showed that there are 
substanti al differences in the meaning of measurement uncer-
tainty, the meaning of probability, the philosophy underpin-
ning the analyses, the object of the uncertainty analysis, and 
finally in the numerical results of the two approaches: there is 
no sense in which the proposed Bayesian revision of the GUM 
can claim to be in harmony with current practice.

Section 4 considered examples of the application of meas-
urement uncertainty from commerce, compliance, calibration, 
comparisons, and science itself. Only by looking at the appli-
cation of measurement uncertainty, and correctly identifying 
the purpose of measurement uncertainty as a tool for man-
aging the risks and costs associated with decisions influenced 
by measurements, can we correctly determine whether an 
uncertainty analysis is fit for purpose. There are five broad 
requirements that must be met by any GUM revision, as 
follows.

5.1. Revision scope and overview

5.1.1. Simplicity. The GUM should be written at a level 
appropriate for the vast majority of practising metrologists 
who work in second- or third-tier calibration and test labo-
ratories and typically have little tertiary training in statistics 
or mathematics. Ideally, the mathematics should be no more 
difficult than summing uncertainties in quadrature, and the 
current GUM largely meets these needs. Section 3 shows that 
Bayesian statistics is far from simple, even in the opinion of 
experts.

At the same time, the guide must clearly present the aims 
of uncertainty analysis so that expert users can confidently 
and unambiguously extrapolate to measurements with com-
plexities not covered by the GUM, e.g. non-linearity, multi-
variate quantities, non-normal error distributions. This aim is 
achieved if uncertainty is said to quantify the measurement 
error in repeated applications of the measurement process 
(section 2). For the same reasons, the GUM must not restrict 
expert users in their methods of analysis. Any method or algo-
rithm that can be demonstrated (e.g. by numerical simulation) 
to meet claimed performance criteria should be acceptable.

5.1.2. Harmony. The current GUM is embedded in legislation 
and regulation in many countries, and is the founding docu-
ment for many documentary standards and codes of practice. 
Not only should a revised GUM produce very similar numer-
ical results, the underpinning rationale should also be similar. 
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Failure to maintain continuity risks conveying the impres-
sion that measurement uncertainty has no practical meaning; 
an impression that would impede further acceptance of the 
GUM. This is a significant risk with the proposed GUM revi-
sion because objective Bayesian uncertainty has no consistent 
or practical meaning.

A major change would also exact a huge cost. In New 
Zealand, which has fewer than a thousand ISO17025-
accredited laboratories, the cost of revising all technical pro-
cedures, spreadsheets, codes of practice, and legislation in 
accordance with GUM-rev would approach US$10M. If this 
cost is extrapolated to the rest of the world, we estimate the 
cost of a non-harmonious revision could be several US$B.  
We also estimate that the time taken to revise all technical pro-
cedures in New Zealand may be 5 years or more, and as long 
as 20 years for legislation. During this period, both methods 
will be in use and all of the hard-won harmonisation gains of 
the last 25 years will be lost.

5.1.3. Uncertainty analysis as a theory of error. Any guide on 
measurement uncertainty must coexist with science. In part-
icular, there are numerous measurements where the dominant 
source of uncertainty is noise. It is clear that the model of mea-
surement (sections 2.1 and 2.2) on which the current GUM 
is based describes the probabilities and long-run frequencies 
observed with noisy measurements. Further, the Welch–Sat-
terthwaite approximation (14) is not simply a mathematical 
ploy. In contrast, the objective Bayesian approach presented 
by GUM-S1 and GUM-S2 is inconsistent with both physical 
theory and real-world observations. Real-world probabilities 
and frequencies are described by distributions of error and 
noise, and not by distributions of states of knowledge.

It might be tempting to think that random and systematic 
errors are different and that they should be treated differently. 
In fact, both arise from uncontrolled, or un-modelled, and 
sometimes unknown, influence effects. Therefore, the defini-
tion of uncertainties due to systematic errors should mirror 
that for uncertainties caused by random errors. This observa-
tion supports the pragmatic decisions made by the 1980 BIPM 
committee, the approach elaborated in section 2, and the def-
inition of measurement uncertainty in terms of the error in 
repeated applications of the measurement process (section 2).

It is often said that the measurement uncertainty is a 
measure of the quality of a measurement. If we relate meas-
urement uncertainty to the pdf describing the errors in the 
repeated application of the measurement process, we have 
an objective and consistent basis for judging the quality of 
measurements. In contrast, it is not possible to meaningfully 
compare measurements when different objective Bayesian 
analyses of exactly the same experiment yield different values 
of the uncertainty (section 3.5).

The contradictions between observed noise properties and 
the objective Bayesian analyses in section  3.5 highlight the 
main scientific weakness of the Bayesian paradigm: uncer-
tainty assessments are abstract and untestable attributes of 
the experimenter’s mind, and every uncertainty assessment is,  
by definition, valid [39, 59]. The approach ‘lacks an analogue 

of truth’ [33], and is simply not scientific [39, 40, 59]. 
Scientists require experiments to be repeatable, and require 
theories to make unique predictions that are testable and fal-
sifiable. By anchoring uncertainty analysis to physical theo-
ries of error, we provide a benchmark for objective testing 
of uncertainty assessments. As section  3.5 shows (see also 
section 4.5), the Bayesian approach represented by the GUM 
supplements does not describe what we observe in our meas-
urements; it is wrong.

5.1.4. Objective probability. Uncertainty analysis must coex-
ist with real-world applications. If probabilities do not cor-
respond with the hatch rates of chickens or the frequency of 
under filling of biscuit packets, uncertainty assessments will 
not fulfil their purpose of enabling the users of measurements 
to manage operational decisions in their lives and enterprises.

The pursuit of objective probability is not a denial of sub-
jectivity in science. Indeed, subjectivity is unavoidable in 
working assumptions, experimental designs, and selection 
of models. But, just because subjectivity and personal bias 
cannot be completely eliminated, it does not mean we should 
fully ‘embrace subjectivity’ [44]. The adoption of objective 
probabilities also does not preclude the use of Bayes’ theorem 
(e.g. section 4.2). If the priors have good frequentist proper-
ties, then the posteriors do also [14].

5.1.5. Measurement uncertainty as a minimal sum-
mary. While an understanding of the purpose of a measure-
ment is often essential for the correct definition and execution 
of a measurement [85], metrologists are rarely informed of 
the proprietary information relating to the application of 
the measurement, which may include other measurements, 
historical data, system models, operational research, and 
expert technical, legal and financial opinion. For these rea-
sons, the metrologist must clearly distinguish the making 
of a measurement from the application of the measurement.  
In part icular, the metrologist should not compromise poten-
tial (often unknown) applications. The example of the cali-
brated flow meter considered in section 4.3 shows clearly that 
inclusion of any prior information, in the Bayesian sense, will 
compromise the utility of measurements for some decision-
making processes.

The simplest measurement summary satisfying all possible 
needs is a pdf describing the error in the repeated applica-
tion of the measurement process, ideally, corrected for all 
known systematic errors, and the number of measurements. 
For measurements where the error pdf is normal, the sum-
mary can be simplified to a mean, standard deviation, and the 
number of observations.

We should anticipate all statistical approaches in the appli-
cation of results presented in our measurement reports. With a 
measurement summarised simply as a pdf, users can employ 
any statistical methods or means they wish in the application 
of the measurement, just as they can bring to bear any other 
relevant subjective or objective information they have at hand. 
Users of measurements will not have this flexibility if the 
objective Bayesian approach is adopted.
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The contents of the current GUM encompass both descrip-
tive statistics, which summarises what has been observed, 
and inferential statistics, which makes predictions about what 
will be observed (see section 2). This is a useful distinction 
between measurements and their application that could be 
adopted in the GUM. The reporting of expanded uncertainties 
according to the frequentist paradigm of statistical inference 
should be included. The GUM should be expanded to cover 
prediction intervals.

5.2. Other recommendations

5.2.1. The proposed draft revision of the GUM. The clearest 
conclusion from the discussion presented here is that contin-
ued pursuit of the objective Bayesian approach for measure-
ment uncertainty is misguided. It fails to meet any of the five 
criteria identified in section  5.1, and will cause confusion,  
a loss of trust in measurements, and a loss of harmony with 
cur rent practice.

5.2.2. Supplements to the GUM. Supplements to the GUM 
provide a useful means of harmonising practice for common-
but-complex measurement problems outside the immediate 
scope of the GUM. The aims of GUM-S1 and GUM-S2 are 
good, but because of their objective Bayesian foundation they 
are unfit for purpose and should be withdrawn.

Although the GUM-S1 guide to the use of Monte Carlo for 
the propagation of uncertainty is useful, GUM-S1 does not 
perform well enough to serve as ‘a reference method against 
which all others should be compared’. The guide should be 
recast as a guide on numerical simulation of measurement 
error (not belief) and determination of confidence intervals, 
so that it properly accounts for small numbers of samples in 
Type A assessments as well as non-normal error distributions.

Similarly, much of GUM-S2 is helpful, but the objective 
Bayesian section  recommending the multivariate t-distribu-
tion makes it demonstrably unfit for purpose as it is able to 
produce many different uncertainty values seemingly for the 
same measurement.

5.2.3. Engage with statisticians. The debate over the GUM 
revision highlights a number of needs within metrology. The 
clearest need is for metrologists to engage more closely with 
the statistics community. The debate has exposed a lack of 
rigour in our mathematical representations and understand-
ing of measurements, issues that statisticians have understood 
for some time. However, before we engage with statisticians, 
we must have a very clear understanding of the purpose of 
measurements and measurement uncertainty. Without such 
understanding, we will be unable to recognise when statistical 
tools are fit for purpose. We should also anticipate communi-
cation will be difficult, initially. Much of the jargon of metrol-
ogy, e.g. calibration, error, uncertainty, sample, random, and 
accuracy are terms used by statisticians, but with different 
technical meanings. Finally, so long as measurement error is 
the focus of uncertainty analysis, there is a yardstick against 
which any analysis procedure, whatever its statistical origin, 
can be tested and proven to be fit for purpose.
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